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Spatiotemporal Stability of Flow Through
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The stability of the Hagen–Poiseuille flow of a Newtonian fluid in an incompressible, collapsible, viscoelastic
tube is determined using linear stability analysis. The dependence of the tube’s diameter in the base state on the
axial distance is explicitly accounted for in the present formulation. A novel numerical strategy is introduced to
study the spatiotemporal stability of the coupled fluid-structure system subjected to infinitesimal axisymmetric or
nonaxisymmetric disturbances. Axisymmetric disturbances correspond to the azimuthal wave number n = 0. There,
we have identified two convective instability modes, one propagating upstream and the other downstream. For each
of the nonaxisymmetric disturbances n = 1–6, we have found one absolute instability propagating upstream, whereas
for n = 1, 2, downstream-propagating convective modes are additionally observed. Two of the standing waves have
equal frequencies at their respective cusp points, while a third absolute instability has triple that frequency, in
excellent agreement with existing experiments. The n = 1 absolute instability mode is replaced by a convective
mode when the Reynolds number exceeds 200, while the other standing waves, at n = 2–6, persist to high Reynolds-
number values. Increasing the solid’s viscosity, thickness, or shear modulus causes the absolute instability modes
to become convective as well as to ultimately become stable.

I. Introduction

F LUID conduits that are capable of collapse are commonly found
in nature as well as in man-made systems. Although it might

not be desirable for collapse to actually commence, numerous appli-
cations necessitate the use of soft tubing, in contrast to rigid pipes.
Engine, fire and garden hoses, and many of the tubes used for med-
ical and laboratory applications are made of elastic or viscoelastic
materials and are designed so that collapse does not occur under
normal operating conditions. In other applications, such as peri-
staltic pumps, blood transfusion, and assisted breathing, controlled
collapsing is part of the design objective.

All fluid-carrying conduits in humans and other mammals are
flexible and can collapse under sufficiently negative transmural pres-
sure (internal pressure minus external pressure). Examples of tubes
that can collapse as a result of trauma or disease are blood vessels,
bronchial airways, and the gut. Conduits that do collapse during
their normal operation include intramyocardial coronary blood ves-
sels during systole, pulmonary blood vessels in the upper parts of
the lung, large airways during forced expiration, urethra during mic-
turition, and glottis during phonation.1

Internal pressure decreases along a constant-area duct convey-
ing a viscous fluid, so that such a tube tends to collapse near the
downstream end if the pressure external to the tube is sufficiently
large. For prescribed external and inlet pressures and fluid and tube
types, collapse will occur as the exit pressure is reduced in order
to effect higher flow rates (i.e., higher Reynolds numbers). When
collapsed, the cross section of a round tube becomes highly non-
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circular as shown in Fig. 1, and the flow rate is significantly reduced
or even stopped, certainly the reverse of what is intended when the
exit pressure is reduced. Two types of collapse are typically encoun-
tered, one in which the throat area asymptotes to a minimum and the
resulting flow is steady, and the other where the throat area and axial
position, flow rate, and exit conditions oscillate periodically or even
chaotically despite constant supply conditions. Oscillating collapsi-
ble tubes are less common in vivo but are nevertheless observed
when a vocal cord vibrates or when a brachial artery is compressed
by a sphygmomanometer cuff, resulting in the so-called Korotkoff
sound.

Because of their importance in medicine as well as technology and
their intrinsic interest as complex dynamical systems, collapsible
tubes have been extensively studied experimentally2−11 as well as
analytically and numerically.12−24 The recent book by Carpenter and
Pedley25 contains two chapters that review the experimental and
analytical aspects of collapsible tubes. The goal of these researches
is to understand the phenomenon of collapse in order to prevent,
control or exploit it.

A. Prior Experiments
In controlled experiments, a uniform flexible tube is typically

mounted between two rigid pipes in a so-called Starling resistor
configuration. The supply pressure is varied, and the pressure exter-
nal to the compliant tube is controlled by surrounding the tube with
a larger pressurized chamber. Observations are made of the collapse
process (i.e., nonaxisymmetric buckling) and any accompanied os-
cillations in the throat area, the flow rate, and the exit pressure. Sev-
eral noninvasive techniques have been developed to record the tube
geometry during collapse, for example, X-ray cinefluorography,26

stereophotogrammetric methods,27 magnetic resonance imaging,28

ultrasound imaging,29 tomography,30 and coded raster imaging.7

Though invasive, conductimetric catheterization can be used to pro-
vide accurate time-dependent cross-sectional area of a collapsible
tube during strictly repetitive oscillations.8,31,32 In a totally different
setting, the conductance catheter method is used widely to monitor
in vivo the changing volume of heart chambers.33

Bertram and Godbole9 used conductimetric catheterization to
measure the instantaneous, shape-independent area at incremen-
tally adjusted positions along the length of a collapsed, periodically
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Fig. 1 Tube in a typical collapsed state.

oscillating tube. They observed three distinct modes of oscillations
with sharp, discontinuous transitions separating them. Bertram and
Godbole termed the two low-frequency modes LU and LD and the
intermediate-frequency mode I . The low-frequency modes are dis-
tinguished by waveform shape: for LU, the collapse is brief rel-
ative to cycle length and is followed by a phase of relative qui-
escence; and for LD, the collapse lasts for approximately half the
period. The third mode I has approximately three times the fre-
quency of the other two and is obtained by transition from the
brief-collapse mode as the appropriate parameter is varied. If the
upstream pressure pu is held constant, LU is the first mode observed
as the downstream transmural pressure pde = pd − pe is lowered to
the point where collapse occurs and oscillations start, where pd is
the pressure at the downstream end of the tube and pe is the pres-
sure in the chamber surrounding the tube. Further reduction of pde

leads to either LD oscillations, at moderate pu , or I oscillations at
higher pu .

B. Analytical Work
The full, unsteady, three-dimensional, fluid–solid interaction

problem is intractable analytically or even numerically. As a re-
sult, simplified models have been attempted by several researchers.
With few exceptions, these models fall in two categories: lumped-
parameter models and one-dimensional models. In the former, the
geometry of a collapsible segment is represented by one or two
time-dependent variables such as the cross-sectional area at the nar-
rowest point AN (t). The tube elastic properties are represented by a
single-valued relationship between AN and the transmural pressure
at the narrowest point. The integral expressions for the conserva-
tion of mass, momentum, and energy result in a system of nonlinear
ordinary differential equations whose solution can be steady or os-
cillatory. The lumped-parameter model is a global one but at the
expense of giving a very crude description of local phenomena.
Nevertheless the lumped-parameter model is capable of predicting
small oscillations in the throat area and the flow rate despite con-
stant supply conditions. Depending on the model parameters, these
oscillations can be periodic or chaotic.

One-dimensional models, in which the flow is averaged over
the tube’s cross section, allow flow parameters such as tube area
and velocity to vary in time and axial direction. A tube law re-
lates the local transmural pressure to the local cross-sectional area.
The resulting conservation laws are in the form of partial differen-
tial equations. The hyperbolic equations admit wave solutions, and
the model predicts the breakdown of steady, one-dimensional flow
when the cross-sectionally averaged fluid velocity exceeds the lo-
cal value of the speed of propagation of small-amplitude pressure
waves. Such supercritical conditions are analogous to choking of
sonic gas flow in a nozzle: signals cannot be propagated upstream,
and the flow rate and pressure gradient along the collapsible tube
can vary independently of the upstream transmural pressure. The
choking phenomenon is termed flow limitation in collapsible tubes
literature, and can be associated with airway collapse and wheezing
in humans when increasing a large expiratory driving pressure does
not lead to an increase in flow rate.23,34 The accompanied oscilla-

tions are generally much more pronounced than those predicted for
subcritical flows.

The appearance of periodic or aperiodic oscillations has been
attributed to more than one mechanism: choking in the one-
dimensional models, or lack of steady solution or instability of
the steady solution in the typically third- or fifth-order lumped-
parameter models. Variation of viscous resistance with cross-
sectional area and the unsteady head loss and pressure recovery in
the jet forming in the diffuser region immediately downstream of the
throat can all result in self-excited and self-sustained oscillations. In-
vestigating the equilibrium states and their stability of a nonlinear,
third-order lumped-parameter model, Bertram and Pedley14 con-
clude that if there were no energy loss there would be no reopening
and collapse would continue to zero area. If there were no pressure
recovery, on the other hand, there would be no oscillations and all
equilibria would be stable. Only if some energy loss and some pres-
sure recovery are allowed are oscillations predicted by the model.
Bertram and Pedley further conclude that pressure recovery is the
only mechanism whereby the instability can derive energy from the
flow.

The weakness of the lumped-parameter models is that they can-
not incorporate wave propagation and therefore cannot distinguish
between subcriticial and supercritical flows. One-dimensional mod-
els predict the onset of unsteady behavior at a particular point in the
tube, but cannot be used to model the ensuing oscillations because
they cannot incorporate either energy loss in the separated jet or the
mechanical properties of the rigid tubes upstream and downstream of
the elastic segment. For those reasons, Cancelli and Pedley15 have
proposed a composite model of a finite-length, collapsible tube,
incorporating both one-dimensional, wave-propagation effects and
the important aspects of the lumped-parameter models, including
the inclusion of longitudinal wall tension in the description of the
tube elastic properties and the modeling of energy loss in the sepa-
rated jet in a way that is consistent with the one-dimensional flow
equations.

In the limit of zero Reynolds number, Heil20 has computed the
steady deformations of a fully coupled three-dimensional system
consisting of a Stokes flow in a nonaxisymmetric cylindrical shell
simulating a collapsed round tube. Recently, Luo and Pedley23 have
conducted numerical simulations of the steady and unsteady flows
in a two-dimensional channel where a portion of its upper wall is
replaced by a collapsible, tensioned membrane. Luo and Pedley
found multiple steady solutions for a range of upstream transmural
pressures and Reynolds numbers. Stability analysis of these steady
solutions indicates that there is no one-to-one correlation between
flow limitation and self-excited oscillations, at least in their partic-
ular two-dimensional model. Finally, Pedley24 provides a succinct
review of linear and nonlinear analysis of blood flow in collapsible
arteries and veins in vertebrates and other large animals.

C. Present Work
In the present research, we take the view that collapse and os-

cillations can be the climactic manifestation of an instability of
the coupled fluid–tube system. Therefore, we study the linear sta-
bility of the system prior to the onset of time-dependent collapse.
This approach clearly excludes the complex flow associated with
the geometry of a noncircular, convergent–divergent nozzle and the
oscillations caused by the choking phenomenon, but allows us to in-
vestigate a first-principles, arbitrary-Reynolds-number system that
is much more general and less ad hoc than that afforded by the
lumped-parameter, the one-two-dimensional or the zero-Reynolds-
number models.

We start with a distended, constant-diameter tube made of vis-
coelastic material, as shown schematically in Fig. 2. The Navier–
Stokes equations describe the fluid side, and the Navier equation
describes the compliant tube side. As a base state, we assume a finite-
length flexible tube anchored at both ends and surrounded by a large
pressurized chamber of constant pressure. As a result of a pressure-
driven base flow inside, the tube is subjected, along its length, to an
increasingly negative transmural pressure. Consequently, the flexi-
ble tube deforms slightly into a convergent–divergent geometry (or a
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Fig. 2 Coordinate system and tube geometry.

divergent–convergent one in case of a positive transmural pressure).
For sufficiently stiff tubes, the base geometry is axisymmetric, and
the tube diameter is a weak function of the axial coordinate. We
explicitly compute this function using the steady equation of linear
elasticity. However, the base flow inside the convergent–divergent
channel is assumed, to first order, to be locally parallel and parabolic.

The locally parallel Hagen–Poiseuille flow, the pressure gradient
inside, the external pressure, and the tube’s geometry, thickness,
and viscoelastic properties are all specified as a base state of the
coupled dynamical system. It is assumed that for each specified set
of parameters, all of the forces resulting from the steady flow, the
tube stiffness, and the external pressure are initially in static equi-
librium (but not necessarily stable equilibrium) to yield a motion-
less, convergent–divergent tube capable of dynamically deforming
when perturbed. We subject the coupled fluid-tube system to ax-
isymmetric as well as nonaxisymmetric perturbations and study the
spatiotemporal instability of that dynamical system. The linearized
Navier–Stokes and Navier equations are coupled via proper bound-
ary conditions at the fluid–solid interface and describe the early
stages of the imposed perturbation dynamics. Both inertial and vis-
cous forces are retained in the formulation, allowing for an arbitrary
Reynolds number.

The present work is a natural extension of our previous study of
the stability of noncollapsible, soft tubes35 (see also Evrensel et al.,36

Kumaran,37 and the many references in all three papers). There, a
rigid shell surrounds the compliant tube, thus preventing collapse
while admitting other types of tube deformation. The primary dif-
ference in formulation of the original study and the present one is
therefore in the boundary condition at the outer surface of the vis-
coelastic tube: motionless compliant-rigid interface in the former
study and no stresses at the free surface in the new study. A second
difference is that we study in here the spatiotemporal instability of
the system, whereas in the original paper we considered only the
temporal instability. The present extension will allow us to make
precise determination of whether a particular instability is abso-
lute or convective. The parameters of the present system are chosen
such that it is stable if the compliant duct is not allowed to collapse
(à la our previous study35). In this way, any unstable mode found
is expected to be unique to collapsible tubes. We utilize the same
numerical method introduced in Hamadiche and Gad-el-Hak35 to
study, without a need for an initial guess, the stability of the coupled
fluid–structure system.

The present paper is organized as follows. Following these intro-
ductory remarks, the base state, the linearized equations of motion,
and the numerical approach are described in Sec. II. This is followed
in Sec. III by the computed results of the stability of the system to ax-
isymmetric and nonaxisymmetric disturbances. Finally, concluding
remarks are given in Sec. IV.

II. Problem Formulation and Numerical Approach
We wish to study the stability of an incompressible, Newtonian

fluid of density ρ, viscosity µ, and maximum axial velocity U (x),
flowing in a compliant tube of inner radius R(x), which weakly
depends on the axial distance and outer radius RH , where (H − 1)

is a prescribed thickness parameter. The finite tube is anchored at
both ends and has a length L . The compliant wall is made of an
incompressible, viscoelastic material of density ρ equal to the fluid
density, viscosity µs , and shear modulus G. The surface r = RH
of the pliable material is a free surface and is, accordingly, free to
move. In the remainder of this paper, dimensionless variables will
be used unless otherwise indicated. The length scale is the radius of
the tube at its entrance R(0), the timescale is [ρR2(0)/G]1/2, and the
velocity scale is Vref = (G/ρ)1/2. Pressure is nondimensionalized as
follows: p|dimensionless = (p − pu)/G, where pu is the upstream (in-
let) pressure. Except for the boundary condition at the outer surface
of the compliant tube and the fact that we account for the variable
tube diameter in the base state, the governing equations are similar
to those developed in Hamadiche and Gad-el-Hak35 for the case of
a compliant tube contained within a rigid shell. For completeness,
however, the entire system of equations is briefly recalled herein.

A. Wall Curvature
Under the first-order assumption that the flow is locally parallel,

the pressure in the duct falls downstream as

p(x) = −4�Re−1x (1)

where � = [ρU 2(x)/G]1/2, and the local Reynolds number is
Re = ρVref R(x)/µ. (Though the tube’s length is finite, the system
stability is studied under the assumption of locally parallel flow,
which is tantamount to assuming an infinitely long tube. Relaxing
that assumption makes the analysis considerably more involved.)
The dimensionless variable � is a local measure of the relative
compliance of the coating because an increase in its value implies a
relatively softer material. For the case where the external pressure
pe is equal to the inlet pressure pu , the viscous losses in the fluid lead
to an increasingly more negative transmural pressure [p(x) − pe] as
x increases.

To find the form of the duct under the influence of the transmural
pressure, we solve the steady, linear elasticity equation

∂2
j ui = ∂i p (2)

where ui and p are, respectively, the wall displacement and pressure.
We seek a solution in the cylindrical coordinates (r, θ, x) where the
components of the displacement vector are (ur , uθ , ux ). To first or-
der, the azimuthal and axial displacements are null, and the radial
displacement depends only on x . Thus [ur (x), 0, 0], which identi-
cally satisfies the continuity equation. Substituting this particular
solution in the linear elasticity equation leads to

d2
x ur = dr p (3)

where dx and dr stand for derivative with respect to axial and radial
coordinates, respectively. Because the left-hand side of Eq. (3) is a
function of x only, the right-hand side must be independent of r .
Thus, the radial derivative of the pressure inside the solid depends
on x only. In other words, the pressure derivative with respect to
r is constant across the thickness of the tube and is equal to the



HAMADICHE AND GAD-EL-HAK 775

negative of the transmural pressure divided by the thickness of the
wall. Thus,

dr p =
(

pe + 4�Re−1x
)

(H − 1)
(4)

the radial displacement Eq. (3) becomes

d2
x ur =

(
pe + 4�Re−1x

)

(H − 1)
(5)

The tube is anchored at both ends, and therefore the boundary con-
ditions are

ur |x = 0 = ur |x = L = 0 (6)

The solution of Eq. (5) with boundary conditions (6) is

ur = pe

2(H − 1)
(x2 − Lx) + 4�

6Re(H − 1)
(x3 − L2x) (7)

For modest transmural pressures and sufficiently stiff tubes, ur is
small. It is negative for negative transmural pressure (tube collapses)
and positive when the fluid pressure exceeds that of the external
chamber (tube blows up). The preceding radial wall displacement
is related to the dimensionless tube radius, thus,

δ(x) ≡ R(x)/R(0) = 1 + ur (x) (8)

Therefore, for a negative transmural pressure the radius of the tube in
the base state gently decreases downstream, reaching a minimum at
a position that depends on the Reynolds number, tube stiffness, and
relative strength of the external pressure, then increases back to the
inlet radius R(0). The first-order theory developed herein assumes
δ′/δ � 1, where the prime denotes derivative with respect to x .

B. Mean Flow
Although the tube radius is a function of axial distance, the base

flow is, to first order, locally parallel. The base flow velocity com-
ponents are

[Vr , Vθ , Vx ] = [Vr (r, x), 0, Vx (r, x)] (9)

where

Vx (r, x) = �(x)(1 − r 2/δ2) (10)

Note that the variable � is related to the (dimensional) volume flux
Qv and the (dimensional) velocity on the axis of the tube U (x) by
the equation

� = U (x)

Vref
= 2Qv

π R2(x)Vref
(11)

We use the continuity equation to compute the base radial velocity
component. In cylindrical coordinates and for axisymmetric base
flow,

(1/r)∂r (r Vr ) = −∂x Vx (12)

The solution is

Vr (r, x) = δ′�(x)(r/δ − r 3/δ3) (13)

where the prime denotes derivative with respect to x . Clearly,
Vr � Vx for gently changing tube diameter, and the assumption of
a locally parallel flow is justified.

Introducing the similarity variables

X = x, η = r/δ (14)

the base flow axial and radial velocity components are then

Vx = �(X)(1 − η2), Vr = δ′�(X)(η − η3) (15)

In the perturbation equations developed in the following section,
partial derivatives with respect to r and x are given in terms of the
similarity variables as follows:

∂r = (1/δ)∂η, ∂x = ∂X − (δ′η/δ)∂η (16)

C. Disturbance Equations
The governing equations for the fluid are the Navier–Stokes mass

and momentum equations

∂ivi = 0 (17)

∂tvi + v j∂ jvi = −∂i p + ε�∂2
j vi (18)

where ∂t = ∂/∂t , ∂ j = ∂/∂x j , and ε = Re−1. For a Hagen–Poiseuille
flow, specifying the Reynolds number for a given fluid and tube ra-
dius and length is tantamount to specifying the maximum velocity,
flow rate, and mean pressure gradient. The instantaneous fluid pres-
sure p is offset by the inlet pressure pu and nondimensionalized by
the shear modulus G.

The compliant wall of the tube is modeled using the dynamical
equations for an incompressible, viscoelastic material.38 The dy-
namics of the wall is described by a displacement field ui , which
represents the displacement of material points from their steady-
state positions as a result of the fluid stresses perturbing the interface.
For an incompressible material, the displacement field ui satisfies
the solenoidal condition

∂i ui = 0 (19)

and the momentum conservation equation is

∂2
t ui = −∂i p + ∂2

j ui + ε�µr∂
2
j vi (20)

The left-hand side represents the rate of change of momentum in a
volume element, while the three terms on the right-hand side are,
respectively, the divergence of the pressure, the divergence of the
elastic stress caused by the strain in the material, and the divergence
of the viscous stress caused by the strain rate. In the latter term,
the wall velocity is given by vi = ∂t ui , and µr = µs/µ. The relative
viscosity µr is zero for elastic solids.

D. Nonaxisymmetric Disturbances
In linear stability analysis, small perturbations in the form of

Fourier modes are introduced in the fluid velocity field and the wall
displacement field:

(v j , p) = (ṽ j , p̃) exp(ik X + inθ + st) + cc (21)

(u j , p) = (ũ j , p̃) exp(ik X + inθ + st) + cc (22)

where ṽ j and ũ j are the eigenfunctions that are functions of η only,
the real part of the complex k is the axial wave number, the negative
of its imaginary part is the spatial growth rate of the perturbation
(for positive X ), n is the azimuthal wave number that is taken as
real in the present formulation, p is the pressure disturbance, and
cc stands for complex conjugate. The real part of the eigenvalue s is
the temporal growth rate of the perturbation, and the imaginary part
is the radian frequency. Upon inserting the preceding perturbation
velocity (21) into the conservation equations for the fluid velocity
field (17) and (18) and neglecting the nonlinear terms in ṽ j , the
following linear, ordinary differential equations are obtained for the
eigenfunction ṽ j in cylindrical coordinates:
[
dη + η−1

]
ṽr + ikδṽx + inη−1ṽθ − δ′η dηṽx = 0 (23)

[s + �ik(1 − η2)]ṽr + hδ−1 dηṽr + δ−1ṽr∂ηVr = −δ−1 dη p̃

+ δ−2ε�
{[

d2
η + η−1 dη + 2ikδ dη − η−2(1 + n2) − δ2k2

]
ṽr

− 2inη−2ṽθ

}
(24)
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[s + �ik(1 − η2)]ṽx + hδ−1 dηṽx − 2�δηṽr

= −ik p̃ + δ−1δ′η dη p̃ − ṽx∂X Vx − δ−1ṽr∂ηVx

+ δ−2ε�
[
d2

η + η−1 dη + 2ikδ dη − (δ2k2 + n2η−2)
]
ṽx (25)

[s + �ik(1 − η2)]ṽθ + hδ−1 dηṽθ = in(δη)−1 p̃

+ δ−2ε�
{[

d2
η + η−1 dη + 2ikδ dη − η−2(1 + n2) − δ2k2

]
ṽθ

+ 2inη−2ṽr

}
(26)

where dη stands for derivative with respect to η, h = Vr − δ′η, and
p̃(η) is the eigenfunction for the pressure.

Similarly, the equations for the eigenfunction ũ j can be obtained
by inserting the equation for the solid displacement perturbation (22)
into the conservation equations (19) and (20), yielding in cylindrical
coordinates

[dη + η−1]ũr + ikδũx + inη−1ũθ − δ′η dηũx = 0 (27)

s2ũr = −δ−1 dη p̃ + δ−2(1 + ε�µr s)
{[

d2
η + η−1 dη

+ 2ikδ dη − η−2(1 + n2) − δ2k2
]
ũr − 2inη−2ũθ

}
(28)

s2ũx = −ik p̃ + δ−1δ′η dη p̃ + δ−2(1 + ε�µr s)
[
d2

η + η−1 dη

+ 2ikδ dη − (δ2k2 + n2η−2)
]
ũx (29)

s2ũθ = −inδ−1η−1 p̃ + δ−2(1 + ε�µr s)
{[

d2
η + η−1 dη

+ 2ikδ dη − η−2(1 + n2) − δ−2k2
]
ũθ + 2inη−2ũr

}
(30)

The boundary conditions at the center of the tube η = 0, applied to
the azimuthally varying modes with azimuthal wave number n = 1,
are

ṽr + i ṽθ = 0 (31)

ṽx = p̃ = 0 (32)

at the interface η = 1:

ṽr = sũr (33)

ṽx − 2�ũr = sũx (34)

ṽθ = sũθ (35)

− p̃s + σ̃rr + δ′σ̃r x = − p̃ f + τ̃rr + δ′τ̃r x (36)

σ̃rθ + δ′σ̃xθ = τ̃rθ + δ′τ̃xθ (37)

σ̃r x + δ′(− p̃s + σ̃xx ) = τ̃r x + δ′(− p̃ f + τ̃xx ) (38)

The term −2�ũr in Eq. (34) represents the variation of the mean
velocity at the interface as a result of the surface displacement. The
subscripts s and f refer to the solid and fluid medium, respectively,
and σ and τ are the components of the stress tensor in the solid and
in the fluid, respectively. The terms multiplied by δ′ appear because
of the wall curvature, as will be explained next.

To find the boundary condition at the free surface, let
[r − δ = constant] be the equation of the free surface. The normal n
to the surface is in the direction of the gradient of the function r − δ,
namely,

n = ∇(r − δ)

|∇(r − δ)| = (1, 0, δ′)
(1 + δ′2)0.5

∼= (1, 0, δ′) (39)

As there is no traction at the free surface, the boundary condition at
the free surface becomes

−pn + ¯̄σ · n = 0 (40)

this leads to the following equations:

− p̃ + σ̃rr + δ′σ̃r x = 0 (41)

σ̃rθ + δ′σ̃xθ = 0 (42)

σ̃r x + δ′(− p̃ + σ̃xx ) = 0 (43)

The boundary conditions at η = 0, applied to the two components
of nonaxisymmetric eigenmodes (ṽr , ṽθ ) with azimuthal wavenum-
ber n > 1, are

ṽr = ṽθ = 0 (44)

The remaining boundary conditions are identical to those applied to
the eigenmodes with azimuthal wave number n = 1.

The linearized mass and momentum equations for the fluid and
solid can be transformed to a system of first-order differential equa-
tions. The procedure is straightforward, and the resulting system of
12 first-order, linear, ordinary differential equations is similar to that
in our previous paper.35

To study the spatiotemporal stability of the coupled system to ax-
isymmetric disturbances, small perturbations in the form of axisym-
metric Fourier modes are introduced in the fluid velocity field and
the wall displacement field. The linear system of equations related
to axisymmetric disturbances can readily be obtained by inserting
n = 0, ṽθ = 0, and ũθ = 0 into the system of differential equations
and boundary conditions just developed for the nonaxisymmetric
disturbances.

E. Spatiotemporal Instability
Hydrodynamic instabilities can be classified as convective or ab-

solute based on the linear response of the system to an initial local-
ized impulse.39−45 This notion and its theoretical underpinning were
first developed and applied to the study of plasma instabilities.46,47 A
flow is convectively unstable if, at any fixed location, this response
eventually decays in time—in other words, if all growing distur-
bances convect downstream from their source. Convective instabil-
ities occur when there is no mechanism for upstream disturbance
propagation, as for example in the case of rigid-wall, nonseparat-
ing boundary layers. If the disturbance is removed, then perturbation
propagates downstream, and the flow relaxes to an undisturbed state.
Suppression of convective instabilities is particularly effective when
applied near the point where the perturbations originate.

If the flow is absolutely unstable, there is at least one growing
mode having zero group velocity. This means that the local system
response to an initial impulse grows in time. Absolute instabilities
can occur when a mechanism exists for upstream disturbance propa-
gation, as for example in the separated flow over a backward-facing
step where the flow recirculation provides such mechanism. In this
case, some of the growing disturbances can travel back upstream and
continually disrupt the flow even after the initial disturbance is neu-
tralized. Flow oscillations in this case are self-excited. Therefore,
absolute instabilities are generally more dangerous and more diffi-
cult to control; nothing short of complete suppression will work. In
some flows, for example, two-dimensional blunt-body wakes, cer-
tain regions are absolutely unstable while others are convectively
unstable. The upstream addition of acoustic or electric feedback
can change a convectively unstable flow to an absolutely unstable
one and self-excited flow oscillations can thus be generated. In any
case, identifying the character of flow instability facilitates its ef-
fective control (i.e., suppressing or amplifying the perturbation as
needed).

Huerre44 provides a concise description of how to determine
whether a particular instability is absolute or convective. The pa-
per by Doaré and de Langre48 best describes the concept of local
and global instabilities in the context of a fluid–structure interaction
problem. In this section, we provide only the theory highlights. For
a linear system, the impulse response is given by the Green function
that can be solved in the (k, ω) space and is expressed as the double
Fourier integral

G(x, t) = 1

(2π)2

∫

Fk

∫

Lω

exp[i(kx − ωt)]

D[k, ω; Re]
dω dk (45)

where D is the dispersion relation, and k and ω are, respectively,
the complex wave number and complex frequency. The path F in
the complex wave-number plane is initially taken along the real
axis. The contour L in the complex frequency plane is a straight
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horizontal line located above all of the singularities of the integrand
so as to satisfy causality, that is, effect cannot precede cause.

In most cases, the Fourier–Laplace integration in Eq. (45) cannot
be evaluated readily for all t . It is sufficient, however, to compute
the long-term behavior of G(x, t) along different spatiotemporal
rays x/t = constant. The time-asymptotic (large t , fixed x/t) Green
function is readily computed by the well-known method of analytic
continuation in which the Laplace contour L is deformed toward
the lower half of the complex ω plane, yielding

G(x, t) = − i

2π

∫

Fk

exp{i[kx − ω(k)t]}
(∂ D/∂ω)[k, w(k); Re]

dk (46)

An instability mode is considered to be absolute if there is a “pinch
point” in the Fourier contours that prevents the temporal amplifi-
cation rate from being reduced down to zero. If there are no pinch
points, the instability mode is convective. In other words, observing
a pinch point in the unstable zone of the Fourier plane is a necessary
and sufficient condition for the presence of an absolute instability.

In the case of an absolute instability, the mode propagates up-
stream as well as downstream and often has a very small (or even
zero) group velocity in comparison with the velocity of the mean
flow. The coalescence of two modes coming from different halves
of the wave-number plane can be detected by inspection of the dis-
persion relation. The existence of a pinch point is equivalent to the
existence of a saddle point of the dispersion relation in the com-
plex wave-number plane formed by two modes coming from two
different halves of that plane. Kupfer et al.47 have shown that such a
saddle point is equivalent to a cusp point in the complex frequency
plane, that is, in the Laplace contours. Kupfer et al. provide fuller
account of the procedure outlined here.

F. Numerical Method
The system of six first-order differential equations describing the

evolution of the nonaxisymmetric fluid disturbances and their equiv-
alents for the axisymmetric fluid disturbances were solved using a
fourth-order Runge–Kutta method to arrive at three independent so-
lutions (X1, X2, X3), each of which satisfy the boundary conditions
at η = 0. The independence of the three solutions is ensured by
starting the computation with one of the three independent vectors
formed by several values of the vector (ξr , ξθ , ξx ) at η = 0, where
(ξr , ξθ , ξx ) are the derivatives of (vr , vθ , vx ) with respect to η. The
chosen values must form a free set of vectors. During the computa-
tion, the vectors are orthonormalized at each step in order to preserve
their linear independence and thus achieve rapid convergence.49

Similarly, for the displacement field in the solid we obtain three in-
dependent solutions (Y1, Y2, Y3), each of which satisfy the boundary
conditions at η = H . The independence of the solutions is ensured
as well by beginning the computation with one of the three inde-
pendent vectors formed by several values of the vector (χr , χθ , χx )
at η = H , where (χr , χθ , χx ) are the derivatives of (ur , uθ , ux ) with
respect to η.

The boundary conditions at η = 1 lead to the eigenvalue prob-
lem MC = 0, where the elements of the 6 × 6 matrix M are a lin-
ear combination of the particular solution components (X1, X2, X3),
(Y1, Y2, Y3) and their derivatives with respect to η at η = 1, which
involve k, n, pe, Re, �, H , and µr . The components of the vector
C are the six arbitrary constants appearing in the general solutions
in the fluid and solid media.

The characteristic equation is obtained by setting the determi-
nant of M to zero. To use the continuation method, the derivative
with respect to s of this determinant is computed, where s is the
complex eigenvalue of the coupled system. For this, the derivative
with respect to s of the linearized mass and momentum equations
is needed, which leads to another system of first-order differential
equations.

The resulting system is solved using a fourth-order Runge–Kutta
scheme. This leads to the derivative with respect to s of the elements
of the matrix M, which gives the derivative of the determinant of M.
The solution of the characteristic equation gives the growth rate as
function of the Reynolds number for different values of the param-

eters k, n, pe, �, H , and µr . The effects of changes in the parameter
values on the system stability are examined in Sec. III for both the
axisymmetric and nonaxisymmetric disturbances.

G. Eigenvalue Search Technique
The application of the boundary conditions at the fluid–solid in-

terface leads to the following eigenvalue problem:

MC = 0 (47)

where the elements of the 6 × 6 matrix M depend on the compo-
nents of the particular solutions. The method proposed by Garg and
Rouleau50 to compute the number of poles of a complex function
lying within a closed curve was extended by Hamadiche51,52 to de-
termine all of the singularities of a complex function lying within a
closed region in the complex eigenvalue plane. This method, which
was limited at each step to three modes and needed a recurrence
formula to compute more than three modes, is extended herein to
an arbitrary number of modes at each step as follows. Let f (z) be
the determinant of the matrix M. This function is assumed a priori
and later verified to be analytic. Cauchy’s theorem gives

2π(N − P) =
∫

C

f (z)−1 ∂ f (z)

∂z
dz (48)

where N and P denote, respectively, the number of zeros and the
number of poles of the function f (z), counted with their multiplicity,
within the closed region C . Because the determinant is an analytic
function of the complex eigenvalue s, we have

∫

C

f (z) dz = 0 (49)

so that P = 0. In our computation, the curve C is a circle centered
on the origin of the complex z plane. Knowing the number of zeros
of the determinant N , which is the number of eigenmodes, we can
use Cauchy’s theorem and the theorem of residues to evaluate the
sum of eigenvalues as well as the sum of their j th power inside the
closed region C . Thus,

2iπ
m = N∑

m = 1

z j
m =

∫

C

z j f (z)−1 ∂ f (z)

∂z
dz = 2iπ Q j (50)

During the summation, the exponent j is held constant, and zm is
the value of the complex variable z in the pole m, which is the desired
eigenvalue. Having the number of zeros N from Eq. (48), the system
(50) contains N nonlinear equations, which in principle allows us
to determine the eigenvalues. The system (50) has a Vandermonde
matrix structure. Therefore, the eigenmodes zm are the root of the
following polynomial53:

P(z) = zn − σ1zn − 1 + · · · + (−1)kσk zn − k + · · · + (−1)nσn (51)

where σk are given by the following recurrence formula:

k(−1)kσk = −(Qk − σ1 Qk − 1 + · · · + σk − 1 Q1) (52)

As has been shown by Lelong-Ferrand and Arnaudiès,53 the roots
of the polynomial P are the required solution that can be obtained
by traditional computer library routines. The present novel method-
ology eliminates the constraint imposed on the number of modes
inside the closed region in the complex eigenvalue plane. For very
large N , where traditional procedures to compute the polynomial
roots might not readily converge, one can revert to the iterative
technique proposed and used by Hamadiche52 in order to lower the
degree of the polynomial. Procedures available in the usual com-
puter libraries readily converge for polynomial degree much higher
than three. The continuation method permits the computation of the
eigenvalues for other values of the wall and fluid parameters.

In the present method, we compute the values of the eigenmodes
in the examined region where the number of modes can exceed three.
The area examined is not necessarily small, and an iterative process
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is used only to eliminate the cutoff errors. The eigenvalue search
technique developed herein is more efficient and does not produce
spurious modes as occasionally encountered when employing the
classical QZ search technique used by, for example, Yeo et al.41,43

to study the absolute instability of a boundary-layer flow over a
viscoelastic wall. In contrast to the 6 × 6 matrix resulting from our
search strategy, the QZ search technique results in a matrix size of
the order of 4N , where N is the number of discrete points in the
physical space.

To validate our method, it was used to find the least-damped
disturbance to Poiseuille flow in a circular, rigid-walled pipe, previ-
ously obtained by Gill.54 The agreement between Gill’s results and
the present method is excellent, and that agreement is true for both
axisymmetric and nonaxisymmetric, temporally damped as well as
spatially decaying disturbances. Additionally, the present strategy
was used successfully in the case of a noncollapsible compliant
tube.35

III. Results
We have used the numerical strategy described in Secs. II.F

and II.G to study the spatiotemporal stability of the coupled fluid-
tube system depicted in Fig. 2 and subjected to infinitesimal ax-
isymmetric or nonaxisymmetric disturbances. The parameters of
the system were chosen such that it is stable if the compliant duct
is not allowed to collapse; in this way any unstable mode found
is expected to be unique to collapsible tubes. Specifically, except
for the runs where the tube thickness was varied, we have chosen a
thickness of H − 1 = 0.1, where Hamadiche and Gad-el-Hak35 have
found that all modes in a similar but noncollapsible tube are stable.
We have determined whether a particular instability mode is convec-
tive or absolute using the spatiotemporal stability analysis described
in Sec. II.E. Searching for cusp points, we have plotted the Laplace
contours in the complex frequency plane for all identified modes.

For axisymmetric disturbances corresponding to the azimuthal
wave number n = 0, we have identified two convective instability
modes, one propagating upstream and the other downstream. For
each of the nonaxisymmetric disturbances n = 1, 2, 3, 4, 5, 6, we
have found one absolute instability propagating upstream, whereas
for n = 1, 2, downstream-propagating convective modes have been

a) Temporal growth rate: +, n = 1; ××, n = 2; *, n = 3

b) Temporal growth rate: +, n = 4; ××, n = 5; *, n = 6

c) Frequency: +, n = 1; ××, n = 2; *, n = 3

d) Frequency: +, n = 4; ××, n = 5; *, n = 6

Fig. 3 Effect of Reynolds number on temporal amplification rate sr and frequency si for six upstream-propagating, nonaxisymmetric modes. Axial
wave number kr = 2; shear modulus Γ = 1; tube thickness H −− 1 = 0.1; solid viscosity µr = 0; external pressure pe = 0; and axial position X = 4/3: ——,
constant tube diameter in the base state and – – –, variable tube diameter along axial coordinate.

observed. In total, we have identified 10 instability modes. All six
of the absolute instability modes are replaced by convective modes
with the appropriate change of parameters.

We start by showing the effect of changing the tube diameter
in the base state and the Reynolds-number effects. Section III.B
details the temporal growth rate and frequency of all observed modes
and distinguishes between upstream- and downstream-propagating
instabilities. This is followed by a closer look at which mode is
absolute and which is convective. The following four subsections
consider, in turn, the effect of solid viscosity, tube thickness, shear
modulus, and finally transmural pressure.

A. Effect of Tube Curvature
Under the action of external pressure, the tube deforms slightly

in the base state. In Secs. III.A and II.B, we have shown the ef-
fect of transmural pressure on the base diameter and mean flow.
We have argued that for sufficiently stiff tubes the tube’s radius
is a weak function of axial distance. The difference between the
present formulation of variable radius and that considering a con-
stant radius in the base state is depicted in Fig. 3. Here we plot the
temporal amplification rates sr and frequency si for six upstream-
propagating, nonaxisymmetric modes vs the Reynolds number. In
all cases, the axial wave number is kr = 2, the shear modulus is
� = 1, tube thickness is H − 1 = 0.1, solid viscosity is µr = 0, ex-
ternal pressure pe = 0, and axial position X = 4/3. The tempo-
ral amplification rate is plotted in Fig. 3a for the azimuthal wave
numbers n = 1, 2, 3 and in Fig. 3b for n = 4, 5, 6. Similarly, the
frequency is plotted in Fig. 3c for n = 1, 2, 3 and in Fig. 3d for
n = 4, 5, 6. In all four parts of the figure, the solid lines indicate
the results of the constant diameter formulation, while the broken
lines depict the variable diameter results. The difference is small
particularly at high Reynolds numbers, consistent with Eq. (7). Be-
yond a certain value of Reynolds number, higher Reynolds num-
bers leads to smaller amplification rates, while the frequency of
each of the six modes remains approximately constant particu-
larly for Re > 102. In general, the higher the azimuthal wave num-
ber is, the lower the amplification rate and the higher the fre-
quency. The frequency of each successive mode, as n increases from



HAMADICHE AND GAD-EL-HAK 779

a) b)

Fig. 4 Temporal growth rate sr vs axial wavelength kr for all 10 modes identified herein. Reynolds number Re = 100; shear modulus Γ = 1; tube
thickness H −− 1 = 0.1; and solid viscosity µr = 0: a) upstream-propagating waves, azimuthal wave number from top to bottom: n = 0; n = 1; n = 2; n = 3;
n = 4; n = 5; and n = 6 and b) downstream-propagating waves, azimuthal wave number from top to bottom: n = 0; n = 1; and n = 2.

a) b)

Fig. 5 Unstable frequency si for all 10 modes identified herein. Positive frequencies correspond to upstream-propagating modes, and negative
frequencies correspond to downstream-propagating modes. Reynolds number Re = 100; shear modulus Γ = 1; tube thickness H −− 1 = 0.1; solid viscosity
µr = 0: a) frequency vs axial wave number kr. For positive frequencies, from bottom, n = 0; n = 1; n = 2; n = 3; n = 4; n = 5; and n = 6. For negative
frequencies, from top, n = 0; n = 1; and n = 2 and b) frequency vs temporal growth rate sr. For positive frequencies, from right to left, n = 0; n = 1; n = 2;
n = 3; n = 4; n = 5; and n = 6. For negative frequencies, from right to left, n = 0; n = 1; and n = 2.

1 to 6, is approximately a constant multiple of the frequency of the
first mode.

B. Upstream- and Downstream-Propagating Instabilities
Figure 4 shows the amplification rate vs the axial wave num-

ber for all 10 modes identified in this study. The Reynolds number
is Re = 100, � = 1, H − 1 = 0.1, and µr = 0. In Fig. 4a, we plot
the upstream-propagating modes for the axisymmetric azimuthal
wave number n = 0 and for the nonaxisymmetric wave numbers n =
1–6. The downstream-propagating modes are plotted in Fig. 4b for
n = 0 (axisymmetric) and n = 1, 2 (nonaxisymmetric). It is clear
that the highest growth rates are achieved for modes with smaller
azimuthal wave number. Furthermore, the range of axial wave num-
bers for which the modes are unstable (positive sr ) diminishes as
the azimuthal wave number increases. For the same azimuthal wave
number, Fig. 4 indicates that the peak amplification rate for the
upstream-propagating modes is larger than that for the downstream-
propagating ones, and that the peak for the upstream-propagating
modes occurs at lower values of the axial wave number kr . For n = 0,
the unstable range of axial wave numbers is approximately kr = 0–8,
but that range is slightly lower for the upstream-propagating waves
at the same azimuthal wave number.

Frequencies corresponding to all of the modes depicted in Fig. 4
are shown in Fig. 5, first against the axial wave number (Fig. 5a) and
then against the temporal growth rate (Fig. 5b). Only positive sr re-
sults are plotted. In the figure, the upstream-propagating modes cor-
respond to positive frequencies, and the downstream-propagating
modes to negative frequencies. In general, higher azimuthal wave
numbers correspond to higher absolute values of frequency but lower
growth rates.

The band of unstable frequencies diminishes for higher azimuthal
wave numbers, as shown in Fig. 5b. The maximum range of un-
stable frequencies for the upstream-propagating waves occurs for
n = 0 and is between 0 and 6. This range is between 0 and −8

for the downstream-propagating waves. Except for small values of
kr , the three downstream-propagating waves have approximately the
same negative frequency, which absolute value increases as the axial
wavelength increases. The upstream-propagating waves with rela-
tively small amplification rates have the highest positive frequency.
Here too, the frequency increases monotonically with kr .

For n = 0, 1, 2, Fig. 5b clearly shows the higher amplification
rates for the upstream-propagating waves as compared to those for
the downstream-propagating waves. At the azimuthal wave num-
bers n = 1, 2, the system prefers the upstream-propagating modes.
As will be shown in Sec. III.C, those nonaxisymmetric modes cor-
respond to absolute instabilities, and the system selects those modes
over the nonaxisymmetric convective instabilities.

Figure 5a shows that the slopes of the (si , kr ) curves for low values
of the axial wave number are very small, indicating correspondingly
small group velocities and the possibility that some of those modes
might be absolute. We will explore this issue in more detail in
the following subsection. In Fig. 5b, the most unstable frequency
of the upstream-propagating waves is around 2, and that for the
downstream-propagating waves is around −4. For either kind of
wave, the most unstable frequencies are shifted toward higher ab-
solute values as the azimuthal wave number increases.

In their experiment with collapsible tubes, Bertram and Godbole9

observed three distinct modes of oscillations with sharp, discontinu-
ous transitions separating them. They termed the two low-frequency
modes LD and LU and the intermediate-frequency mode I . The
two low-frequency modes are distinguished by waveform shape:
collapse that lasts for approximately half the period for LD and
brief collapse relative to cycle length for LU. The third mode I has
approximately three times the frequency of the other two and is
obtained by transition from the brief-collapse mode as the appro-
priate parameter is varied. The present results compare most favor-
ably to the experiments of Bertram and Godbole9 and Bertram and
Castles.10 However, the modes discovered in our analysis are linear
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instabilities of a tube in static equilibrium. Of course, the ultimate
waveform cannot be predicted by our linear analysis. The experi-
ments dealt with the large-amplitude, often-skewed oscillations of
a tube that underwent actual time-dependent collapse. The two sit-
uations are different to be sure, but we submit that collapse and
nonlinear oscillations can be the climactic manifestation of a linear
instability of the coupled fluid-tube system. Nonlinear effects often
saturate linear modes; in other words, check the exponential growth
of unstable linear modes. Similarities between the linear modes in
the present analysis and the experimentally observed nonlinear os-
cillations support our premise.

In the experiments of Bertram and Godbole,9 the dimensional
frequency f was observed to range from 2.83 to 600 Hz. Their
dimensional frequency is related to our dimensionless frequency si

by the relation

f = (1/2π)(G/ρ)
1
2 (si/R) (53)

Using Bertram and Godbole’s values for the duct radius
(R = 0.0065 m), its density (ρ = 1000 kg/m3), and its circumfer-
ential bending stiffness (K p = 11,400 N/m2), their frequency range
corresponds to a dimensionless frequency in the range of si = 0.03–
7.26, very close to the range of unstable frequencies predicted by
our calculations si = ±8.

a) Azimuthal wave number n = 1

b) n = 2

c) n = 3

d) n = 4

e) n = 5

f) n = 6

Fig. 6 Laplace contours for six upstream-propagating modes in the vicinity of the cusp points; sr is the temporal growth rate, and si is the frequency.
Reynolds number Re = 100; shear modulus Γ = 1; tube thickness H −− 1 = 0.1; solid viscosity µr = 0.

C. Absolute and Convective Instabilities
We determined whether a particular instability mode is convective

or absolute using the spatiotemporal stability analysis described in
Sec. II.E. We plotted the Laplace contours in the complex frequency
plane for the 10 instability modes identified in this study, searching
for cusp points. An instability mode is considered to be absolute
if there is a pinch point in the Fourier contours that prevents the
temporal amplification rate from being reduced down to zero even
at infinite time. The existence of a pinch point is equivalent to the
existence of a saddle point of the dispersion relation in the complex
wave-number plane formed by two modes coming from two differ-
ent halves of that plane. Such a saddle point is equivalent to a cusp
point in the complex frequency plane.

To classify an instability mode as absolute or convective, the
Laplace contours were carefully examined for some Fourier con-
tours. We focused the search on regions of the parameter space
where the group velocity for a particular instability was relatively
small. We have found that the Laplace contours corresponding to the
upstream-propagated, nonaxisymmetric modes n = 1–6 each has a
cusp point as clearly seen in Fig. 6, for the conditions Re = 100,
� = 1, H − 1 = 0.1, and µr = 0. Therefore, those temporary grow-
ing modes (positive sr ) represent absolute instabilities. Under iden-
tical conditions, no cusp points with positive temporal amplification
rate were found in the Laplace contours for the two axisymmetric
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Table 1 Characteristics of the absolute instability
modes at their cusp pointsa

Mode n kr ki sr si

M1 1 0.86 0.72 0.157 0.929
M2 2 0.06 0.24 0.047 0.874
M3 3 0.17 0.28 0.102 1.732
M4 4 0.31 0.25 0.121 2.671
M5 5 0.39 0.19 0.110 3.661
M6 6 0.42 0.13 0.072 4.679

an, azimuthal wave number; kr , axial wave number; ki , spatial am-
plification rate; sr , temporal amplification rate; and si , frequency.

modes identified for n = 0 (one propagating upstream and the second
downstream) or for the two downstream-propagating, nonaxisym-
metric modes n = 1, 2. Those four modes are therefore convective
instabilities.

According to Kupfer et al.’s theory,47 the cusp points in each
part of Fig. 6 correspond to modes of absolute instabilities that we
call mode Mn , where the subscript n indicates the azimuthal wave
number. The axial wave numbers kr , spatial amplification rates ki ,
temporal amplification rates sr , and frequencies si of the unstable
modes M1, . . . , M6 at their respective cusp points are summarized
in Table 1. These quantities are relevant in that the behavior of the
solution for large time is dictated by the frequency and amplification
rate at the cusp point.46

As can be seen in Table 1, there are two modes, M1 and M2, of
approximately equal frequency. These two modes have, respectively,
the azimuthal wave numbers n = 1 and 2, and so they are different in
form, in good agreement with Bertram and Godbole’s experimental
results.9 Moreover, the frequency of the unstable mode M4 is three
times the frequency of M1 and M2, and that is also in good agreement
with the experimental results. The frequency of the other absolutely
unstable modes are a multiple of the frequency of M1. For n = 2–6,
the following relation holds:

si |Mn ≈ (n − 1) si |M1 (54)

The obtained frequency ratio in Table 1 is for Reynolds number
Re = 100, while the experimental results is supposed to be at a much
higher, though not precisely known, Reynolds number. Therefore,
it is instructive to see if this absolute instability persists at high
Reynolds numbers. To do that, one has to solve the following two
equations for the temporal amplification rate sr :

D(k, s, Re, �, H, µr , pe) = 0 (55)

∂ D(k, s, Re, �, H, µr , pe)

∂k
= 0 (56)

A cusp point is a double root of the dispersion relation. An absolute
instability therefore is present when the temporal growth rate com-
puted from simultaneously solving Eqs. (55) and (55) is positive.
The absolute instability becomes convective when the temporal am-
plification rate solution of Eqs. (55) and (56) is negative while the
amplification rate solution of Eq. (55) alone is positive. Of course
if the latter is negative as well, the mode is globally stable.

The zero temporal amplification rate simultaneously satisfying
Eqs. (55) and (56) determines the boundary between absolute and
convective unstable zone. It is found that the mode M1 becomes
convectively unstable at high Reynolds number, whereas the modes
M2, . . . , M6 remain absolutely unstable at all Reynolds numbers
considered here (up to Re = 5 × 103).

Figure 7a shows the marginal Reynolds number, based on the
temporal amplification rate of the mode M1, vs the wave number.
The resulting curve separates the stable and unstable zone, and the
unstable region is to the left of that curve. The horizontal line in the
figure indicates the boundary between the absolute and convective
instability induced by the mode M1. Above a Reynolds number of

Fig. 7a Marginal stability curve in the plane (Re, kr) for the absolute
mode M1. System is unstable to the left of the ——, and – – – indicates
the boundary between absolute and convective instability. The system
parameters are shear modulus Γ = 1; tube thickness H −− 1 = 0.1; and
solid viscosity µr = 0.

Fig. 7b Frequency of the modes M2–M6, at their respective cusp
points, vs Reynolds number. The curve related to the frequency of mode
M1 at its cusp point is stopped at Re ≈≈ 200 and is replaced by the fre-
quency of its monochromatic, convectively unstable replacement. The
system parameters are shear modulus Γ = 1; tube thickness H −− 1 = 0.1;
and solid viscosity µr = 0.

approximately 200, the absolute instability is replaced by a convec-
tive one.

Figure 7b shows the variation of the frequency of the absolute un-
stable modes at their cusp points as the Reynolds number increases.
As can be observed, the frequency ratio of the modes M2 and M4

remains three for all Reynolds numbers. The frequency of the other
modes, at their cusp points, is a multiple of the frequency of the
mode M2, for all Reynolds numbers. Note that this relation between
frequencies exists only at the cusp points. The curve related to the
frequency of mode M1 at its cusp point is stopped at Re ≈ 200 and
is replaced by a curve indicating the variation of the frequency of
its monochromatic, convectively unstable mode. That frequency is
exactly equal to the frequency of mode M2 at its cusp point, for all
Reynolds numbers higher than 200.

As mentioned in Sec. III.B, though the modes identified in the
present analysis are linear instabilities of a tube in static equilibrium
whereas Bertram and Godbole’s experiments9 dealt with the large-
amplitude, often-skewed oscillations of a tube that underwent actual
time-dependent collapse, nonlinear oscillations can be the climactic
manifestation of a linear instability of the coupled fluid-tube sys-
tem. The analytical results shown in Fig. 7b can be used to explain
the experimental results. It is expected in fact that the frequency
of the absolutely unstable modes at their cusp points dominates.46

Therefore, the high-frequency mode observed by Bertram Godbole9

might be the climactic manifestation of mode M4, and one of their
observed low-frequency oscillations can result from mode M2. This
is because the ratio between the frequency of these two modes at their
respective cusp points is three, as observed in the experiments. Fur-
thermore, if we admit that the frequency is imposed by the absolutely



782 HAMADICHE AND GAD-EL-HAK

a) Modes M1; M2; M3 b) Modes M4; M5; M6

Fig. 8 Marginal stability curves in the (kr, µr) plane. Reynolds number Re = 100; shear modulus Γ = 1; and tube thickness H −− 1 = 0.1. The number
next to each neutral stability curve is the azimuthal wavenumber. The system is unstable to the left of each curve. The vertical lines marked Bn separate
the region of absolute and convective instabilities, where the absolute modes are to the left of the vertical lines.

a) Modes M1; M2; M3 b) Modes M4; M5; M6

Fig. 9 Marginal stability curves in the (kr, H) plane. Reynolds number Re = 100; shear modulus Γ = 1; and solid viscosity µr = 0. The number next
to each neutral stability curve is the azimuthal wave number. The system is unstable to the left of each curve. The vertical lines marked Bn separate
the region of absolute and convective instabilities, where the absolute modes are to the left of the vertical lines.

unstable modes, the system has to choose among the convective
modes having the same frequency, and this is the monochromatic,
convective instability mode that replaces the absolute mode M1.
This mode can eventually lead to the other mode of equal frequency
but different form observed by Bertram Godbole.9 The difference in
waveform is perhaps because M1 and M2 have different azimuthal
wave numbers.

It remains to explain why other modes are not observed in the
experiment. Nonlinear selection made by the system in which some
unstable modes are simply dampened by nonlinear effects can be a
plausible explanation particularly for mode M3. For modes M5 and
M6, the temporal growth rates are smaller than those for modes M1–
M4, as was shown in Figs. 3 and 5b. Additionally, the solid viscosity
strongly dampens those higher frequency modes as will be shown in
the following section. Furthermore, a stable equilibrium position in
phase space is usually associated with a potential energy minimum.
The high-frequency modes, at high azimuthal wave numbers, are
associated with high potential energy storage in the solid medium
and can therefore constitute unstable dynamic equilibrium positions,
hence unobservable.

D. Effect of Solid Viscosity
We investigated the effect of solid viscosity on the six absolute

instability modes identified in this study. The solid viscosity ranged
from 0 (elastic solid) to 50 times that of the fluid. We determined the
stability boundary as well as identified the conditions under which
an absolute instability is replaced by a convective one.

Figure 8 shows the marginal stability curves in the (kr , µr ) plane,
where kr is the axial wave number and µr is the ratio of solid to
fluid viscosity. Modes M1, M2, and M3 are depicted in Fig. 8a,
while modes M4, M5, and M6 are shown in Fig. 8b. The neutral
curve corresponding to mode M1 is truncated for scale commod-
ity. For each mode, the unstable zone is to the left of the neutral

stability curve. The vertical lines Bn mark the boundaries between
absolute and convective instabilities, where the absolute instability
is to the left of each of the respective vertical lines and is marked A1,
A2, etc. The problem parameters for all cases are Reynolds number
Re = 100, shear modulus � = 1, and thickness H − 1 = 0.1. Solid
viscosity clearly dampens all of the unstable modes, but the effect
is stronger for high-azimuthal-wave-number (i.e., high-frequency)
modes. In other words, a viscoelastic solid is susceptible to only
small-azimuthal-wave-number instabilities. This might explain the
absence of instabilities corresponding to modes M5 and M6 in
Bertram and Godbole’s experiments.9 Increasing the solid viscosity
causes the absolute instability modes to be replaced by convective
ones. This transformation takes place at modest solid viscosities for
the high-azimuthal-waven-umber modes.

E. Effect of Wall Thickness
The effect of wall thickness [H − 1] on the six absolute insta-

bility modes identified in this research was investigated. The tube
thickness ranged from 0 to 50% of its radius. We determined the
stability boundary as well as identified the conditions under which
an absolute instability is replaced by a convective one.

Figure 9 shows the marginal stability curves in the (kr , H ) plane,
where kr is the axial wave number and [H − 1] is the ratio of the tube
thickness to its local radius. Modes M1, M2, and M3 are depicted
in Fig. 9a, while modes M4, M5, and M6 are shown in Fig. 9b.
The neutral curve corresponding to the mode M1 is truncated for
scale commodity. For each mode, the unstable zone is to the left of
the neutral stability curve. The vertical lines Bn mark the bound-
aries between absolute and convective instabilities, where the abso-
lute instability is to the left of each of the respective vertical lines,
and is marked A1, A2, etc. The problem parameters for all cases
are Reynolds number Re = 100, shear modulus � = 1, and solid
viscosity µr = 0.
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a) b)

Fig. 10 Marginal stability curve of mode M1 in the (kr,Γ) plane. Reynolds number Re = 100; tube thickness H −− 1 = 0.1; and solid viscosity µr = 0.
The unstable zone is to the right of the curve. The vertical line marked B1 separates the region of absolute and convective instability, where the absolute
mode is to the right of that lines. Panel b is a zoomed-in version of panel a.

a) b)

Fig. 11 Temporal growth rate sr vs external pressure pe for all six absolute instability modes. Axial wave number kr = 2; Reynolds number Re = 2100;
thickness H −− 1 = 0.1; shear modulus Γ = 1; and solid viscosity µr = 0: a) axial position X = 2/3 and b) X = 4/3. The legends in the inserts indicate the
values of the azimuthal wave number n.

Increasing the thickness of the tube stabilizes all modes, but the
effect is stronger for the high-azimuthal-wave-number (i.e., high-
frequency) modes. Increasing the tube thickness causes the absolute
instability modes to be replaced by convective ones. Again, this
effect is stronger for the high-azimuthal-wave-number modes. For
modes M5 and M6, the absolute oscillations are stabilized prior to
being replaced by convective instabilities. In other words, those two
instability modes remain absolute regardless of the tube thickness.
But other than that, increasing the tube thickness has an analogous
effect on the different absolute instability modes as increasing the
viscosity of the solid. A thin, viscoelastic tube behaves similarly to
a thick, elastic one.

F. Effect of Shear Modulus
The effect of the wall compliance on the six absolute instability

modes identified in this research was investigated. The dimension-
less compliance ranged from 0.4 (stiff tube) to 1.6 (soft tube). We
determined the stabilty boundary as well as identified the conditions
under which an absolute instability is replaced by a convective one.

Figure 10 shows the marginal stability curve for mode M1 in the
(kr , �) plane, where kr is the axial wave number and �2 is the ratio
of the dynamic pressure, based on the local velocity maximum and
the solid’s shear modulus. Figure 10b is a zoomed-in version of
Fig. 10a. The problem parameters are Reynolds number Re = 100,
thickness H − 1 = 0.1, and solid viscosityµr = 0. The unstable zone
is to the right of the neutral stability curve (softer material). The
vertical line B1 marks the boundary between absolute and convective
instability, where the absolute instability is to the right of the line and
is marked A1. Stiffer tubes are, as expected, more stable. An absolute
instability is replaced by a convective one as the tube stiffens, but that
new instability is ultimately stabilized as the tube stiffens further.

Figure 10b indicates that there a multiplicity of the critical wave
number for certain values of � near the boundary of absolute and
convective instabilities.

Increasing the shear modulus of the viscoelastic material (i.e.,
decreasing �) stabilizes all of the other absolute modes (M2–M6) to
different degrees, but without passing by a convective instability first
as is the case for mode M1. The tube’s shear modulus, thickness, and
viscosity all have an analogous effect in that they are all stabilizing.

G. Effect of Transmural Pressure
We investigated the effect of transmural pressure on the six ab-

solute instability modes identified herein. The dimensionless exter-
nal pressure ([pe − pu]/G) ranged from −0.1 to +0.1. A negative
transmural pressure (i.e., zero or positive dimensionless pe) leads
to a convergent–divergent tube in the base state, whereas a posi-
tive transmural pressure leads to a divergent–convergent tube. This
effect was quantified in Sec. III.A. The problem parameters for
the cases investigated in this section are tube length of L = 2 (in
units of inlet radius), axial wave number kr = 2, Reynolds number
Re = 2.1 × 102, thickness H − 1 = 0.1, shear modulus � = 1, and
solid viscosity µr = 0. For each mode, we computed the temporal
growth rate sr at each downstream location in the range of X = 0–2.

Figures 11a and 11b depict the temporal growth rate vs external
pressure for, respectively, the two downstream stations X = 2/3 and
4/3. In the upstream part of the tube (Fig. 11a), the absolute modes
grow when pe is negative (positive transmural pressure). Conversely,
at X = 4/3 (Fig. 11b) the absolute modes grow when pe is positive
(negative transmural pressure).

In Figs. 12a and 12b, we plot sr vs the axial location X for,
respectively, pe = 0.03 and pe = −0.03. The form of the channel in
the base state is indicated in each figure by the function δ(X). The
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a) b)

Fig. 12 Temporal growth rate sr vs axial position X for all six absolute instability modes. Axial wave number kr = 2; Reynolds number Re = 2100;
thickness H−−1 = 0.1; shear modulus Γ = 1; and solid viscosity µr = 0. The solid circles and the curve labeled δ(X) mark the form of the tube in the base
state: a) external pressure pe = 0.03 and b) pe = −−0.03. The legends in the inserts indicate the values of the azimuthal wave number n.

tube takes a convergent–divergent form in the first figure where the
transmural pressure is negative, and a divergent–convergent form
in the second figure where the transmural pressure is positive. It
is clear that the growth of the absolute modes is always associated
with the divergent portion of the tube, be it the downstream portion
of the tube for negative transmural pressure or the upstream portion
of the tube for positive transmural pressure. It seems likely that the
favorable pressure gradient in the convergent portion of the duct has
a stabilizing influence on the standing waves.

IV. Conclusions
Fluid conduits that are capable of collapse are commonly found

in nature as well as in man-made systems. A tube typically buck-
les nonaxisymmetrically, and, under steady supply conditions, the
throat area might reach a new lower asymptote or might oscillate
periodically or even chaotically. Understanding this complex dy-
namics is important and will enable the designer of soft tubes to
prevent, control, or exploit the collapse phenomenon.

In the present research, we advanced the view that collapse and
oscillations can be the climactic manifestation of an instability of
the coupled fluid-tube system. We therefore studied the linear sta-
bility of the system prior to the onset of dynamic collapse. The
stability of the Hagen–Poiseuille flow of a Newtonian fluid in an
incompressible, collapsible, viscoelastic tube was determined using
linear stability analysis. A novel numerical strategy was introduced
to study the spatiotemporal stability of the coupled fluid-structure
system subjected to infinitesimal axisymmetric or nonaxisymmet-
ric disturbances. The strategy alleviated the need for an initial guess
and thus ensured that all of the unstable modes within a given closed
region in the complex eigenvalue plane would be found. The stiff
nature of the governing equations dictated the use of the method
of orthonormalization in order to achieve rapid convergence. The
dimensionless parameters investigated were the external pressure,
the Reynolds number, and the tube’s stiffness, its thickness, and its
viscosity. The parameters of the system were chosen such that it is
stable if the compliant duct is not allowed to collapse, in this way any
unstable mode found is expected to be unique to collapsible tubes.

As a base state, we assumed a finite-length flexible tube anchored
at both ends and surrounded by a large pressurized chamber of con-
stant pressure. As a result of a pressure-driven base flow inside, the
tube is subjected, along its length, to an increasingly negative trans-
mural pressure. Consequently, the flexible tube deforms slightly
into a convergent–divergent geometry (or a divergent–convergent
one in case of a positive transmural pressure). For sufficiently stiff
tubes, the base geometry is axisymmetric, and the tube diameter is a
weak function of the axial coordinate. We explicitly computed this
function using the steady equation of linear elasticity. However, the

base flow inside the convergent–divergent channel was assumed,
to first order, to be locally parallel and parabolic. This approach
clearly excludes the complex flow associated with the geometry
of a noncircular, convergent–divergent nozzle and the oscillations
caused by the choking phenomenon, but allowed us to investigate
a first-principles, arbitrary-Reynolds-number system considerably
more general and less ad hoc than that afforded by the lumped-
parameter, the one-two-dimensional, or the zero-Reynolds-number
models. Similarities between the linear modes in the present analy-
sis and the experimentally observed nonlinear oscillations supported
our premise.

For axisymmetric disturbances corresponding to the azimuthal
wave number n = 0, we have identified two convective instability
modes, one propagating upstream and the other downstream. For
each of the nonaxisymmetric disturbances n = 1, 2, 3, 4, 5, 6, we
have found one absolute instability propagating upstream, whereas
for n = 1, 2 downstream-propagating convective modes have been
observed. In total, we have identified 10 instability modes. All six
of the absolute instability modes are replaced by convective modes
with the appropriate change of parameters.

Two of the standing waves have equal frequencies at their respec-
tive cusp points, whereas a third absolute instability has triple that
frequency, in excellent agreement with existing experiments. This
frequency tripling is preserved for all Reynolds numbers. The n = 1
absolute instability mode is replaced by a convective mode when the
Reynolds number exceeds 200, whereas the other standing waves,
at n = 2–6, persist to high-Reynolds-number values. Increasing the
solid’s viscosity, thickness, or shear modulus causes the absolute
instability modes to become convective as well as to ultimately
become stable. Those effects are stronger for the high-azimuthal-
wave-number modes. The boundaries separating the zone of ab-
solute instabilities from that of convective instabilities have been
identified.

A negative transmural pressure leads to a convergent–divergent
tube in the base state, whereas a positive transmural pressure leads
to a divergent–convergent tube. The growth of the absolute modes
is always associated with the divergent portion of the tube, be it the
downstream portion of the tube for negative transmural pressure or
the upstream portion of the tube for positive transmural pressure. It
seems likely that the favorable pressure gradient in the convergent
portion of the duct has a stabilizing influence on the standing waves.

While maintaining the locally parallel-flow assumption, the
present linear stability analysis should be extended to nonlinear one.
Conditions under which the nonlinear dynamical system becomes
chaotic will be of great practical interest. Finally, nonaxisymmet-
ric, strongly variable-diameter tubes are much more complex to
analyze as compared to the present axisymmetric, weakly variable-
diameter tubes, but such analysis will be a very worthwhile endeavor.
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Experimentally, tube collapse is invariably nonaxisymmetric,
whereas tube blowup is typically axisymmetric. Perhaps one can
start with a steady base flow in a strongly convergent–divergent
tube and relax the locally parallel-flow assumption invoked in the
present investigation. Linear stability analysis of this base flow can
then be conducted to find the resulting instability modes and com-
pare these to the modes identified in the present study. The model
complexity can be gradually increased to ultimately solve a realistic
collapsible tube problem using only first principles.
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